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MA210
Solutions to Exercises 5

(1) Let a,, be the number of n-letter words formed from the 26 letters of the alphabet, in
which the five vowels A, E, I, O, U together occur an even number of times. (By a
word we mean simply any string of letters.) For example, when n = 8, such a word
is APQIITOW since four (an even number) of the positions contain vowels.

(a) Show that a; = 21 and that, for n > 2, we have

a, = 16a,_ 1 +5-26"1.

What would you say that a is?

Solution. Any single letter except a vowel is a valid word because it contains 0
vowels. Hence, a; = 26 —5 = 21. An empty word (a word containing no letters)
also contains 0 vowels, hence a¢ = 1.

Let wywsy . . . w, be a valid word, that is, with an even number of vowels.

If w,, 1s not a vowel (21 options for this), then wyws, ... w,_; must contain the
same even number of vowels as the original word, in other words, wyws, . . . w,_1
is a valid word of length n — 1 (there are a,,_; valid words of length n — 1).
Hence, we have 21a,,_; valid words of length n ending with a consonant.

If w, is a vowel (5 options for this), then wyws, . ..w,_; must contain an odd
number of vowels (one less than the original word wyws . ..w,). How many
such words are there? There are 26" ! words of length n — 1 made of 26 letters
with repetition allowed. a,,_; of them contain an even number of vowels. Hence,
26" — a,,_; words wyws ... w,_; contain an odd number of vowels.. Hence,
we have 5(26" ! — a,,_;) valid words of length n ending with a vowel.

Hence,

ap = 2la,_1 +5(26" — a,_y) = 16a,_1 +5-26""1.

(b) Find the generating function for the sequence ag, aq, . . ..
oo

Solution. We have f(x) = Z a,x", therefore,

n=0
f(z) =ao+arx + Z apx" = ap + a1x + Z(l6an—1 +5-26" 2" =
n=2 n=2

aop + a1z + 16z Z 12"+ 5z Z 26" gl =

n=2 n=2



1+21x+16x§:anx"+5x§:26" "=

n=1 n=1
= oT
1+21 16 — 1)+ 5z(—-1 26x)") =1+ 16 .
+ 21a + 162(f () — 1) + 5x( +;( 2)") =1+ 162 f(2) + T
Hence,
oT
1-16 =1+ —-
(1= 162)f () = 1+,
that is,
1—-2l1z
1) = G 9601 = 260)
O
(c) Use this generating function to find a closed form expression for a,,.
Solution. We write f(x) as
1 -2l : :
Jx) = (1 “162)(1—260)  1— 162  1-26z
o0 1 o o0
= Z (16)" 52 (262)" = " 1(16" +26")x
=0 n=0 n=0
So,
a, = 5(16"™ + 26™).
O
(2) Let f(x) be the generating function for the sequence ag, a1, . ... Find the sequence
whose generating function is (1 — ) f(z).

Solution. We have f(x) = Zanx”, therefore, (1 — z)f(x) = f(x) — zf(x) =
Z I Z apx" = ao—f-z anx"—z a,z"t = aO"‘Z anx”—z Ap12" =
n=0 n=1 n=0 n=1 n=1
ap + Z — an—1)z". Hence, (1 — z) f(x) generates the sequence (b,,),>0, where

a, forn =0,
b, =
an — Gp—1 forn > 0.
O

(3) (a) Suppose we role a normal dice. Let d,, be the number of possible ways to role
a dice so that the outcome is n. Explain why the generating function of the
sequence dy, dq, ... 1S

fx) =2+ 2> +2° +2* +2° 4+ 25



3

Solution. There is one way to get 1,2,3,4,5, or 6 and no way to get 0 or any
number larger than 6. Hence,
1 forl<n <6,

d, = _
0 otherwise.

Consequently, f(z) = Z dpx™ = s+ 22 + 23 + 2 + 2% + ab. O

n=0
(b) Suppose that we role 4 dices. Let a,, be the number of throws such that the sum
of outcomes is equal to n. Explain why the generating function of the sequence

ag, a1, ... 18
g(@) = (v +2° +2° + 2t +2° + 25

Solution. 0
(c) Now let b,, be the number of throws with any number of dices such that the sum
of outcomes is equal to n. Explain why the generating function of the sequence
bo, bl, R
h(z) = Z(x + 2+ 2%+ 2t + 2+ 2%
n=0

Also prove that

h(z)=(1—o—2*—2° —2* —2° — 2571

Solution. 0J

(4) The British coin system has 1p, 2p, 5p, 10p, 20p, 50p, £1 = 100p, and £2 = 200p

coins. Let a,, count the number of different ways that you can pay a sum of n pennies.
Show that the generating function of ag, ay, ... is

h(z) = !

1 — 7 — 22 — 25 — 210 _ 220 _ 450 _ ;100 _ ,:200°

Solution. Just follow the previous problem. Start with finding the generating func-
tion of (d,,),>0, where d,, is the number of ways to pay a sum of n pennies with one
coin. 0J

(5) The language of Verwegistan has words consisting of the letters A,E,O,U,B,P, and X.
Words are formed according to the following rules: the vowels (A,E,1LO,U) always
appear in pairs of the form AA,EE,OO, or UU, and they appear in a word before all
non-vowels (if any). For instance, AAEEPXP and AAAA are words, but UUUB,
AAXBAAX, and AEXX are not.

Let a,, denote the number of words of length n.

(a) Show thatag =1, a; = 3, and

a, = 4a,_o+ 3", forn > 2.



Solution. The empty word satisfies the rules above, so ap = 1. The only valid
one-letter words are consonants, i.e., B,P, and X, hence, a; = 3.

Take any n-letter word. If it starts wit a consonant (3 choices), then all the re-
maining letters must be also consonants because the vowels (A,E,I,O,U) always
appear in a word before all non-vowels. Hence, we have 3" such words.

If it starts wit a vowel (5 choices), then the second letter must be the same vowel
(vowels come in pairs) and the remaining n — 2 letters form a valid word again
(we have a,,_» of them). Hence, we have 5a,,_o such n-letter words. So,

a, = 4a,_o+ 3", forn > 2.

OJ
(b) Let f(x) be the generating function of the sequence ag, a1, .. .. Show that
1
1@ = A0 =1
Solution. We have f(z) = Z a,x", therefore,
n=0
f(z) =ap+ a1z + Z apx" =1+ 3z + 2(4%_2 +3")a" =
n=2 n=2
1 + 3z + 422 Z Apox™ 2 + Z 3nx" =
n=2 n=2
o oo 1
4 2 " n 3 n __ 4 2 )
xnzzoax —1—;(@ xf(m)—l—l_gx
Hence, )
1 — 4a? =
that is,
1 1
T = a8 ~ =200+ 201 —30)
O
(c) Use this generating function to find a general expression for a,,.
Solution. Since
1 : 1 :
I = Ao -8 132 1-% 1-32
we have
fla) =7 (=22 =) () o) (Ba)t =) S(=2)" = 2"+ 23" )2
n=0 n=0 n=0 n=0
So,



5

O

(6) Let d,, denote the number of selections of n letters from {a, b, ¢}, with repetitions

allowed, in which the letter a is selected an even number of times. (Note that these
selections are unordered.)

(a) Show that the total number of unordered selections of n letters from {a, b, c}

n—2|-2> )

Solution. We know that the number of unordered selections of n objects from r

possible is is (”j:l) In this case, we have r = 3. O

(b) Use the result in (a) to prove that for n > 2,

with repetitions allowed is (

2 1

Solution. By (a), there are ("}?) possible unordered selections of n letters.

How many of them have an odd number of a’s? If we remove one a from such a
selection, we obtain an unordered selection of n — 1 letters with an even number
of a’s. Each time we get a different selection (Why?). But we know that the
number of unordered selection of n — 1 letters with an even number of a’s is

dp—1.
Consequently, d,, = (”;2) —dy_q. O
(c) Show that the sequence dy, dy, . .. has the generating function

1 1

o=~ Troa o

Solution. First of all, we see that dy = 1 and d; = 2. (Why?) We also recall that
for every positive integer r, we have

o= (T )= ()

n=0 n=0

Let f(z) = Z d,x" be the generating function of (d,,),>o. Then,
n=0

o] o0 2
flz) = d0+d1x+zdn$n=do+d1x+z((n;— >_dn—1)xn
n=2

n=2

oo 2 oo
— 1—}—2934—2(”; )x"—den_lxn_l
n=2 n=2
> 2 2 142 >
— 1+2x+2(n; )x”—<2>—( ;— )x—x(Zde"—d())
n=0 n=0

1

= —et (-7 —a(f@) =) =2f@) + T



Hence,

that is,

o) = oy

(d) Use this generating function to prove that

(n+2)? if n is even,

flo) = L4 1)(n+3)  ifnis odd.

Solution. We use partial fractions and rewrite (work out the details!) f(z) as

_ ! _ s s i 2
f(m)_(1—x)3(1+x)_1+x+1—x+(1—x)2+(1—x)3'
Using

= —1 —1

(1_x>r—z<"” )xn— (””1 )x

n r—
n=0 n=0
we have
1 — woolem , I fn+2-1\ , Ix=/n+3-1\,
f(x)—gnzg(—$) —f-gnz%m +4_1n2%< 9 1 )ZL“ +§nz%( 3_1 )?L‘;
or,

n=0
Thus,
1 1 1/n+1 1/n+2
d, = =(—1)"+ =+ - -
e (M) (")
_(—1)"+1+ +1+(n—|—2)(n+1)_(—1)”—|—1 (n+3)(n+1)
8 4 4 N 8 4
For n even,
p _(—1)”+1+(n+3)(n+1)_2+n2—|—4n+3_1—|—n2+4n+3_(n+2)2
" 8 4 -8 4 N 4 4
For n odd,

(-1)"+1 (n+3)n+1) 0 m+3)(n+1) nm+3)(n+1)
8 * 4 g " 4 4 '




